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The degree of L,-approximation for a class of positive convolution operators
is investigated. Recent results of De Vore, Bojanic, and Shisha for the uniform
approximation by these operators and the K-functional of Peetre are employed
to obtain the degree of approximation in terms of the integral modulus of smooth-
ness.

1. INTRODUCTION

Let I=10,r], | <p < o and let L,(I) denote the space of real valued
pth power integrable functions on I, with || - |, the usual L,-norm on I
Let {H,(y)} be a sequence of nonnegative, even and continuous functions
on [—r, r] such that

frmuuw=u n=12,.., (1.1)

-r

and

[ pH &y = p2 >0, n—> oo, (1.2)

For feL, (D), 1 <p <o, and 0 < x <r, we define the convolution
operator

mm@:ﬂmmm—@@ n—12... (1.3)

This is a linear operator mapping L (I) into L) and it is positive on /.
The sequence {u,} determines the rate of uniform approximation of a
continuous function f by the operator K,(f, x). There are two important
examples of (1.3).
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Korovkin operators. Let ¢ be a nonnegative, even and continuous
function on [—r, r] decreasing on [0, r] and such that $(0) =1 and 0 <
&(t) < 1 for 0 <t <r. For fe L,(I) we define

Kmﬁﬂ=p¢KKMMﬂ—ﬂPm, (1.4)

where

pit =2 [ 4T dr.

Operators (1.4) were introduced by Korovkin [8], who used them for the
approximation of continuous functions. Later Bojanic and Shisha [3]
showed that

lim L= 20 _ (1.5)
t>0* A
for some positive numbers « and ¢ implies, for (1.4)
n = O(n~1/%), n— o0, (1.6)

Many important special cases of (1.5) were noted in [3].

Bojanic—DeVore operators. We consider approximating polynomials
generated by a sequence of orthogonal polynomials {P,} on [—1, 1] whose
weight function w is nonnegative, even and Lebesgue integrable on [—1, 1]
and has the following properties:

0 < m < wx) for xe[—rr], 0 <r<1 (.7
and
wx) < M < o for xe[—8,8], 0 <d < 1. (1.8)
Let
_ Pyn(x)
R = e [ —ayte =g )

where oy, and a,, ; are the two smallest positive zeros of P,, and ¢, > 0
is chosen so that

f’ R()dt =1, n=1273...

—r

For fe L,(I) we define

KMﬂ:ﬂmmm—ﬂm (1.9)
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Using (1.7) and (1.8), Bojanic [2] and DeVore [4] showed that, for (1.9)

pn = O(n™), n— 0.

(1.10)

In this paper we shall utilize Peetre’s K-functional [12] to obtain the
degree of L ,-approximation with (1.3). The method of Peetre’s K-functional
gives the estimate of the rate of approximation in terms of the integral
modulus of smoothness w, ,(f, #), while some previous results in this direction
were expressed in terms of the nsnal L, modulus of continuity (see for

instance, Mamedov [9]).

2. DEGREE OF APPROXIMATION
In the sequel let e;(x) = x* fori =0, 1, 2.
Lemma 1. Forn =1,2,3,..., we have

fan(l—x)dtan(eo,x)él, 0<x<r,
0

AN

fan(t—x)dxgl, 0<<er<r,
0

| Kalin < 1, 1 <p <o,
2
lKn((t—x),x)\g%f‘—, 0<d<x<<r—8 <,

2

2un
8’

K((r —xPx) <t 0<x <y,

| Ku(eo, X) — 1] <

and
Kt —xLx)<pp, O0<x<r
Proof. (2.1) For x € [0, r],
Kofeo» X) = fTHn(t —ydr < [ H)dy =1
0 —r

(2.2) Forte [03 I"],

r t
[ Ht—xax={ H)d <.
“0 t~r

O<d<<x<Lr—38 <,

@21

2.2)
2.3)

2.4)

(2.5)

(2.6)

Q7
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(2.3) Assume p>1, lp+1jg=1, 0<x<r, and feL,[0,r].
By (2.1), (2.2), and Hélder’s
Kl 9 < ([ #te = 9 ar) " ([ e = 9 e )
< ([ mae =0 1o )

and

I KNy < S

The case p = 1 is similar.

(2.4) Since H,(y) is even on [—r,r], for 0 <d <x<r—8<r
we have

Kt =20, 90 = | [ ¢~ ot — 9 de|

[y <

(2.5) If0 << x < r then
Ko, v =1 _ H(t) dt + f__” H(0) di .

Ifo<d<<x<r—3 <rthen

2 T n2
| Knleo, x) — 11 <§Lt2 (a2 ke

(2.6) This is obvious.
(2.7) This follows from Hélder’s, (2.1) and (2.6).

Let 1 < p < oo and LX) be the space of those functions fe€ L,(I) with
S’ absolutely continuous and f” € L(I). The next lemma gives an upper
bound for the degree of L,-approximation with (1.3) to “smooth” functions

fe LXD.
LemMa 2. Let fe L, I) and 1 < p < oo. For all n sufficiently large,

” Kn(f) _f”p < cp(“f”p -+ ”f” Hp) I‘"iz/p,
where ¢, is a positive constant, independent of f and n.

Proof. First assume p > 1 and x € [0, r]. Since fe L,%(I), we have

O —16) = ¢ = D@ + [ @~ 7" du
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and
KA = 100, ) = ') Kolt — 3,2 + Ko [ [ (= 1) 1) d, 2]
= B(x) + Bx).
Using [6] we obtain
15l < el + 1571 ([ 1Kult = x, 007 ax)
Also
Kt — x, X)| = U'(z - x)Hn(t—x)dt‘
[]

= H‘:x tH, (1) dt' <r, 0<x

N

r.
Hence, using (2.4) with 0 <& < r/2

r 1/» 2
( f | Ko(t — x, %)|? dx) < 2r81/P - pUUP "T"
4]

and
2
1l < eollf T+ £ 1) (8477 + £2).
We have
r t
| 1,00 <f Hyt — x) |1 — x| ”’ | £l duldt
0 x pa
<60 | THL(t — X — x)? i,
[1]
where
1ot
0,() = sup ——— L | f"(u)] du
t#x

is the Hardy-Littlewood majorante of f” at x. Since p > 1 and f” € L, (I),
8, € L(I) with [13, Theorem 13.15]

f: [6,(0)]P dx <2 ( > 2. - )” fo’ Ol dx,

Therefore, using (2.6)

221y < 207 (L ) 177 1

By [6]
| SO | Kuleo, x) — 1] <G f Ml + 117 1lp) | Kaleg, ) — 11,
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Let 0 < 8 < r/2. Using (1.1), (2.1), (2.5) and the fact that H, is even we have
i Ku(eo) — €olln

1/p
(1 — Kiley, ) dx)
0

<(
[+ [ [ mows ()] meorwad”
<

r—8 -2

a+j ,,(r)fdxdt+8+f n(t)f dxdt]p

<o+ "

([ 00 1 Koo ) = 117 @) < ey + 1570 (5 + A7)

Choose 8§ = p,. For all n sufficiently large, 0 << p,, << r/2 by (1.2) and it
follows from the above calculations that

I Ku(f) — fll, < C(l SN + 1 F" 1) pb™.

Now assume p = 1, x [0, r} and 0 < 8 < r/2. As before,
r ) 7 2
[ 1701 Kooy, %) — 11 < Gl T + 15" 1) (8 + )
and

[T 1O Kt — 00 de < G+ 1571 (8 + £).

Next
[ 12 ax
gforfoan(t—x))t—x] lLt]f”(u)l | dt d

:(Jj—{-Lr_a-l—f:_a)]:Hn(t-xﬂt—xf 'J:[f”(u)[du|dtdx
= Ay, + A, + A4;.
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For A4, let T, ={t:]t — x| <8 and T, ={t:|t— x| > 8. Then,
using (2.6),

A2<LT—6J'T1Hn(t—x)|x—t| “:If”(u)l du,dtdx

+ [ -0

f: |7 | d
<s[” [}, Hote = | [ 177G ] a7,
Also
L - le Hyt — x) ‘ [t | f @) du \ dt dx
<[ =0 [ 10 e
- [t =0 [ 1) dudr] ax
<[ me =0 [ rwidiar
[T [ du ]
<[TH[ 1 [ e = 3 dt
[ [ H — 0 ded ax
<[ deas = [T [ 1+ 5y drds
— fi L £ ) dxdt <281 s

Hence
2
Ay <If7 10 (r B+ 282).
Finally, using (2.7)

Ai <”f”H1 Sll«n, l: ln 3,
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and therefore

f: L) dx < Cpllf 1 (8 + Spa + #T)

Lemma 2 for p = 1 follows by choosing 6 = u,, .
In what follows we will measure smoothness using the K-functional of
Petre [12]. It is, for fe L(I), | <p < oo, defined by

Kyt f) = ianf(n UWf—gl, +rligl, +1g" ), =0

This measures the degree of approximation of a function fe L, (I) by
smoother functions ge L %) with simultaneous control on the size of
lgll, + llg" |l, - The second order integral modulus of smoothness is given by

wzp(f, h) = Oil:ghllf(‘ + ) = 2f() +/C — Dl (1)

where I, indicates that the L, -norm is taken over the interval [0 + ¢, r — ¢].
It is known [5, 7] that there are constants ¢; > 0, ¢, > 0, independent of f
and p, such that

C1ws,o(f; 1172 < Ko(t, f) < min(l, ) || fll, + 2cows (S, £1/3).  (2.8)

We shall use Lemma 2 and (2.8) to establish the degree of approximation
with (1.3). Namely, we first approximate fe L,(I) by g€ L,I) and then
use Lemma 2, the definition of the K-functional and (2.8). See also [I, 5,
10, 11] for this approach.

THEOREM 3. Let fe L(I), 1 < p < o0. For all n sufficiently large,
I Kn(f) = Sflly < Mp[ps/” 11 fllp + wan(fs 13D, 2.9
where M, is a positive constant, independent of f and n.
Proof. For all n sufficiently large,
I Kah) — Rl <20 Ay, he L),
< G "Ikl + 1A 1) he LAD,

where C, is positive constant, independent of # and n. When fe L (I) and g
is an arbitrary function in L %(I), then

I Kalf) — fly SUKlf — &) — (f — s + | Ku(8) — & ln
20/ =gl + Copd?U glls + 1 8 I1,)-

640/23/4-5



362 BRUCE WOOD

Taking the infimum over all ge L,*I) on the right hand side, using the
definition of the K-functional and (2.8), we obtain (2.9).

CoroLLARY 4. IffeLip(B, L(I)) for 0 < B < 1 then

| Ku(f) — fllp = O(us*”), n— oo.

Here the Lipschitz class Lip(8, L,) of order 8 with respect to the L,-norm
is defined as the collection of all functions fe L,(I) with the property
wy ,(f, t) = O(t8), t — O+,

Remarks. Since (1.3) is a global contractive map, we can also apply the
general quantitative estimate of Berens and De Vore [1]. Define

A%,p = 26“,’1‘ | Ku(e) — e, -

We have shown in the proof of Lemma 2 that || K,(e,) — e, I, = O(pY*)
asn — oo. Also

| Ku(er) — eqll, < J: | Ka(t — x, x)|? dx2? + r || K(eg) — epll, -

It now follows from (2.4) that || K,(e;) — e, ll, = O(py/*) as n — oo. Hence
A:,p = O(F'iz/p), n-— 0.
Applying [1, p. 291] we obtain, for all sufficiently large »,

1 Ku(F) — fllo < MY 1 f 1l + wo(f, p27), (2.10)

where M, is a positive constant, independent of f and ».
Estimate (2.9) is better than (2.10) if p > 1. This is not too surprising,
since Lemma 1 of [1] appears to be a rather coarse estimate for p > 1.
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